The finite element method (FEM) and the spectral boundary integral method (SBI) have both been widely used in the study of dynamic rupture simulations along a weak interface. In this paper, we present a hybrid method that combines FEM and SBI through the consistent exchange of displacement and traction boundary conditions, thereby benefiting from the flexibility of FEM in handling problems with nonlinearities or small-scale heterogeneities and from the superior performance and accuracy of SBI. We validate the hybrid method using a benchmark problem from the Southern California Earthquake Center's dynamic rupture simulation validation exercises.We further demonstrate the capability and computational efficiency of the hybrid scheme for resolving off-fault heterogeneities by studying a 2D in-plane shear crack in two different settings: one where the crack is embedded in a high-velocity zone and another where it is embedded in a low-velocity zone. Finally, we discuss the potential of the hybrid method for addressing a wide range of problems in geophysics and engineering.
Aside from the nonlinearity of computational earthquake dynamics, another major challenge is resolving the multiscale nature of the rupture, which exists in both space and time. Spatially, an earthquake may involve several kilometers of fault rupture, whereas the principal slip surfaces, where most of the displacement is accommodated, may be on the order of few millimeters. 2 Temporally, the time it takes for the stresses to accumulate and initiate an instability is several orders of magnitude larger than the sudden release of energy during an earthquake episode. Hence, a need exists to develop numerical algorithms that resolve these spatial and temporal scales.
Attempts to do such cycle simulations with domain-based methods are rare, partially because discretization of the entire domain is a computational bottleneck. 3 On the other hand, boundary integral techniques, which confine the calculations to the fault plane and reduce the dimensions of the problem by one as a result, are more accommodating in this sense. A major contribution in the area was made in the work of Lapusta et al. 4 Not only did the authors manage to integrate the SBI method into rigorous adaptive time-stepping schemes but they also introduced the concept of mode-dependent time windows, which made it possible to truncate the convolution integrals. These features enable calculations over long durations while capturing the effects of periods with slow tectonic loading marked by episodes of rapid rupture. The main limitation of this method, however, is that it is applicable only to linear-elastic bulks. Furthermore, for problems involving heterogeneities or rough faults, the ability of the method to provide well-defined solutions is compromised, along with the computational efficacy of the method, because it lacks a closed-form representation for the Green's function, which does not allow a straightforward calculation of the spectral transformation of the space convolutions. This makes the computational investigation of problems with rough faults and fault zone complexity extremely expensive.
Unlike SBI methods, domain-based methods are quite flexible in handling material nonlinearities and small-scale heterogeneities [5] [6] [7] as well as complexities of fault geometry. [8] [9] [10] Lower-order formulations [11] [12] [13] [14] [15] [16] and high-order formulations [17] [18] [19] have been developed over the years. The major limitation of these methods, as discussed previously, stems from the need to discretize the entire domain that may be affected by wave propagation. This, additionally, has led to a wide breadth of research on techniques to truncate the domain without affecting the physical solution, such as boundary viscous damping, 20 infinite elements, 21 and perfectly matching layers. 22 However, all these approaches are prone to artificial reflections, and the absorbing boundaries must be taken far enough from the fault plane or the accuracy of the problem will be compromised.
To overcome the limitations of either method and benefit from their strengths, one may envision combining the two into what we have referred to here as the hybrid method. In this hybrid approach, a domain-based numerical method is used to discretize a confined region, namely, a virtual strip, that contains the fault and all near-field nonlinearities or heterogeneities that may potentially affect the rupture dynamics. This strip is then coupled with linear-elastic homogeneous half spaces on each side through a consistent exchange of displacement and traction boundary conditions, whereas the elastodynamic response of these half spaces is captured by SBI.
This idea was first introduced inHajarolasvadi and Elbanna, 23 where a framework was developed to couple FD and SBI in a consistent manner. This hybrid method was then used to investigate the antiplane propagation of a slip-weakening shear crack in two different settings: (1) a fault with a near-field low-velocity zone and (2) a fault embedded in a homogeneous medium with the possibility of coseismic inelastic strain generation in the vicinity of the fault. In both cases, the method proved to yield results similar to a pure FD scheme, with a smaller computational cost.
In this research, we further extend the hybrid method. Specifically, we formulate the hybrid scheme as a coupling between FEM and SBI in a 2D in-plane setting. This requires a consistent exchange of both the normal and shear components of boundary tractions and displacements. We validate the method by applying it to benchmark problem TPV205-2D from the Southern California Earthquake Center (SCEC). We further demonstrate the capability of the method for handling ruptures in heterogeneous media, first by simulating a 2D in-plane supershear rupture on a crack embedded in a stiff strip and second by simulating a 2D in-plane model with a crack embedded in a low-velocity zone.
The remainder of the paper is organized as follows. In Section 2, we describe the model setup and introduce the numerical scheme. In Section 3, we summarize the results of the simulations for the SCEC benchmark problem, the supershear propagation in heterogeneous media, and the pulse rupture induced by low-velocity fault zone. In Section 4, we discuss the potential of the method as a novel computational earthquake dynamics tool and suggest some future directions. In Section 5, we summarize the conclusions from the hybrid method.
MODEL SETUP AND NUMERICAL SCHEME
We consider a 2D in-plane shear problem in domain Ω, with a prescribed traction boundary S T and a displacement boundary S u . The fault is on the boundary S f .
where u i is the displacement vector, b i is the body force vector, Slip is defined by i = R i (u + − u − ), where R ij is the rotation matrix that transforms the global coordinates to the local coordinate system of the fault and superscripts + and − indicate the upper and lower fault sides, respectively. If the fault plane is parallel to the x 1 axis, this simplifies to = u
. ij is the stress tensor. We assume body forces to be zero and the material behavior to be linear-elastic:
where ij is the infinitesimal strain tensor and , the Lamé parameters. We construct the weak form by computing the dot product of wave Equation 1 and the weighting function i and considering the boundary condition Equation 2, we could get the following weak form of the governing equation as follows:
The integral along S f accounts for the tractions on the fault surfaces. T
where n + and n − are the fault normals for the positive and negative sides of the faults, respectively. The shear component of the fault boundary condition is governed by a friction law. Here, a slip-weakening friction law 24 is used. The frictional strength is given by
where s and r are the peak and residual frictional strength and c the critical slip required for stress to reach the residual value. Continuity of displacements at the fault is preserved (ie, no slip) if the shear traction is lower than f ; otherwise, local slip occurs.
Finite element method
The FEM has been widely used in solving wave propagation problems because of its capability of modeling fault structures with complex geometry and a bulk constitutive response. We limit the description here to the time integration scheme and the reader is referred to standard textbooks 25, 26 for detailed information about the FEM. The step-by-step time integration approach is a central-difference explicit formulation and follows:
wherėrepresents the partial derivative with respect to time and the superscript n indicates the time step index. A lumped mass matrix is used, which eliminates the need to form a global stiffness matrix; therefore, these are all nodal values and the subscript i is omitted. f is the internal force due to the deformation of the solid and Δt the time step. The time stepping of the algorithm must satisfy the stability constraints of the Courant-Friedrichs-Lewy (CFL) condition. [25] [26] [27] The friction law affects the traction boundary condition, hence along the frictional interface Equation 8 becomeṡ
A detailed explanation of the computation of frictional tractions at the interface T v based on the fault displacement discontinuity is provided in Appendix A using the traction-at-split node (TSN) method.
Spectral boundary integral method
The boundary integral method has been used extensively since the mid-1980s to study the propagation of cracks. The main advantage of this method is that it eliminates the need to study wave propagation in the entire domain by using integral relationships between the displacement discontinuities and tractions along the crack path. 28 The spectral formulation for this method gives an exact form of such a relationship in the Fourier domain. We use the spectral formulation introduced in Geubelle and Rice, 29 where the elastodynamic analysis of each half space is carried out separately. In view of the hybrid method, where SBI constitutes a boundary condition to the FEM model, we focus the description on modeling a half space. The relationship between the traction i and the resulting displacements at the boundary of a half space may be expressed as follows:
where ± represents upper and lower half plane, c p is the pressure wave speed, c s is the shear wave speed,
indicates the externally applied load (ie, at infinity), and f i are linear functionals of the prior deformation history and are computed by the time convolution in the Fourier domain (see Appendix B for more details on the SBI).
The time integration scheme used in the SBI is explicit and given by sampling
where the velocity is found by solving Equation 11, which results iṅ
Hybrid method
The hybrid method is a combination of the FEM and SBI, although any other domain-based method may be used in lieu of FEM. In the hybrid method, all nonlinearities, such as fault surface roughness or material nonlinearity, as well as small-scale heterogeneities, are contained in a virtual strip of a certain width that is introduced for computational purposes only ( Figure 1 ). Appropriate meshing techniques are then used to discretize and model this strip by using FEM. The rest of the domain, which is now homogeneous and linear-elastic, may be modeled as two half spaces coupled with this strip on each side (S + , S − ). The elastodynamic response of these half spaces is captured by using the SBI. Through the simulation, the two methods communicate along the virtual boundaries of the strip by exchanging displacement and traction boundary conditions. The general setup of the hybrid method is shown in Figure 1 . The width W H of the virtual strip depends on the nature of the problem and may be adjusted to contain the heterogeneities, nonlinearities, and other fault zone complexities. A more elaborate explanation for how this adjustment may be accomplished is offered in Section 4.
We apply a staggered coupling approach, in which the FEM and SBI share nodes at the (virtual) infinite boundary. The shared nodes are part of the displacement boundary of the FEM. While FEM provides SBI with the tractions along the virtual boundary, SBI returns the displacement that is to be imposed on S ± of FEM. The detailed step-by-step procedure is as follows:
1. Solve full time step within the FEM by solving Equations 8 to 9 (FEM interior nodes only). 2. Set interface tractions in the SBI equal to the internal force from FEM:
, where 
RESULTS
We validate the hybrid method with three problems. In the first one, we use the SCEC Benchmark Validation exercises. 30 The problem is a dynamic rupture simulation with heterogeneous initial shear stress on the fault. The second problem is a fault embedded in a heterogeneous medium. The third problem is a fault embedded in a Low-Velocity Zone (LVZ). For the three problems, we compare the simulation results from the hybrid method with those from the FEM.
SCEC benchmark validation
We validate the hybrid method with benchmark problem TPV205-2D from the SCEC Dynamic Rupture Validation exercises. The problem is a 2D in-plane fault, governed by the linear slip-weakening friction law, embedded in a linear-elastic homogeneous bulk under plane strain conditions (see Figure 2A ). The parameters for the TPV205-2D benchmark are summarized in Table 1 . The nucleation of rupture is achieved through a 3-km wide overstressed region located at the center of the fault. The initial shear stress on the fault is shown in Figure 2B , where, in addition to the nucleation patch, there are two other patches of different prestress values from the background uniform initial shear stress. The normal stress is uniform along the entire fault length. On the left and right edges of the fault are two strength barriers with length L s on each side, which have a high enough static frictional strength to stop the rupture from propagating. We solve the TPV205-2D benchmark with the hybrid method and compare the results with the FEM benchmark results. Figure 3 shows a comparison of the results from the hybrid approach with those of the FEM. Figure 3A ,B shows time history plots of the slip, slip rate, and shear traction at a station at the center of the fault and 4.5 km away from the center, respectively. The results match perfectly. Figure 3C shows the spatial distribution of the slip and slip rate with time intervals of one second, beginning at t = 1s and ending at t = 5s. The hybrid scheme accurately captures the rupture nucleation, propagation, and rest. Figure 4A shows the variation of the L 2 norm of the error between the solution from the hybrid method and solution from FEM on the fault plane with mesh refinement. The results suggest the hybrid method converges to FEM method with mesh refinement. Figure 4B suggests that the absolute error in the slip rate inferred by the two methods at the center of the nucleation zone decreases with mesh refinement. One significant advantage of the hybrid method is its capability of truncating the elastodynamic wave field in the vicinity of the fault plane with no artificial reflections from the virtual boundaries. Specifically for this problem, the full finite element domain is 100 km × 100 km to ensure that no waves will be reflected from the far-field boundaries. However, in the hybrid scheme, the virtual boundary is chosen at a distance of 0.8 km from the fault plane; thus, we need to discretize a domain of only 100 km × 1.6 km by FEM. Although the problem under consideration is linear-elastic, it serves the purpose of validating the truncation efficiency of the hybrid scheme. When extrapolated to more complex scenarios, this efficient near-field truncation allows the finite element discretization to be limited within a small strip, leading to potential savings in both computational time and memory cost. Here, for the same mesh size h = 100m, solving the TPV205-2D problem by using the FEM takes about 1618 seconds. This value reduces to approximately 62 seconds for the hybrid method, suggesting a speedup of 27 times. The other advantage of the hybrid method over FEM is the computational memory savings. For example, at a 100m mesh size, FEM takes approximately 191.4 MB of memory, whereas the hybrid method takes only 58.6 MB. The hybrid method uses only 30% of the memory used by the FEM in this case. The savings in computational time and memory cost are expected to become more significant with an increase in problem size and refinement level as we elaborate further in the Discussion section.
Supershear rupture transition in a heterogeneous medium
Here, we consider a slip-weakening fault in a heterogeneous medium composed of a central stiff strip and a linear-elastic compliant bulk. 31, 32 The parameters of the problem are summarized in Table 2 , and the model geometry is described in Figure 5 . The initial shear stress is constant along the fault plane except in a central patch where the fault is overstressed to force abrupt nucleation of the dynamic event. The width of the overstressed patch is L nuc , which is the characteristic length scale for frictional instability on linear slip-weakening faults. 33 The normal stress is uniform everywhere. The fault bisects a stiff strip with a total width of 2R. We choose to locate the virtual boundary at 2.0 km from the fault plane; thus, it is located entirely within the more compliant bulk material.
We compare the slip, slip rate, and shear traction results from the hybrid method and the FEM ( Figure 6A ) at the center of the fault as well as 4.5 km away from the center ( Figure 6B ). The hybrid method shows excellent agreement with the benchmark finite element solution. Figure 6C shows snapshots of the slip and slip rate evolution at times 1, 2, 4, 6, and 8 seconds. Because of the reflection from the bimaterial interface, the reflected waves continuously enhance the rupture and eventually enable the transition from subshear to supershear rupture. Subshear rupture occurs when the rupture speed is slower than the shear wave speed while supershear rupture occurs when the rupture speed exceeds that of the shear wave speed but is lower than the pressure wave speed. The hybrid method perfectly captures the complexity of the supershear transition through the Burridge-Andrews mechanism.
12,34 Figure 7 shows the contour of velocity magnitude distribution at the end of the simulation from FEM and the hybrid method. The hybrid method successfully captures the Mach cone signifying the supershear rupture without any artifacts from the domain truncation. The virtual boundaries are perfectly transparent, resulting in no reflection of the Mach cone rays. Figure 8A shows L 2 norm of the error between the solution from the hybrid method and the solution from FEM on the fault plane with mesh refinement. The results from the hybrid method converge to ones from FEM with mesh refinement. Figure 8B suggests that the absolute error in the slip rate inferred by the two methods at the center of the nucleation zone decreases with mesh refinement. At a 100-m discretization, the simulation time of the hybrid method is approximately 93 seconds, whereas the simulation time of the full FEM is more than 1600 seconds, suggesting the hybrid method is approximately 17 times faster than FEM in this case. Furthermore, in the hybrid scheme, the finite element discretization is limited to a small strip in the vicinity of the fault plane rather than domain-wide discretization. At a 100-m mesh size, the hybrid method uses 77.1 MB of memory, whereas the FEM uses 148 MB. Therefore, the hybrid method uses almost half the memory required by the FEM.
Pulse-like ruptures induced by low-velocity fault zones
Low-velocity fault zones (LVFZs) are found in most mature faults. The width of the LVFZ is about several hundred meters. These zones cause wave velocity reductions ranging from 20% to 60% relative 32, [35] [36] [37] to the host rock. If the contrast is strong enough, the rupture in the LVFZ can behave as pulses.
In this section, we consider a slip-weakening fault embedded in a LVFZ, with a wave velocity reduction of 20% with respect to the surrounding country rock. The material properties are summarized in Table 3 . The model geometry is described in Figure 5 but with inverted material properties. The initial shear stress is constant along the fault plane except in a central patch where the fault is overstressed to force abrupt nucleation of the dynamic event. The width of the overstressed patch is 1.6 km. The normal stress is uniform everywhere. The fault plane bisects the LVFZ which has a total width of 1.6 km. We choose to locate the virtual boundary at 1.2 km from the fault plane.
We compare the slip, slip rate, and shear traction results from the hybrid method and FEM methods Figure 9A at the center of the fault as well as 4.5 km away from the center Figure 9B . The hybrid method shows excellent agreement with the benchmark finite element solution. Figure 9C shows snapshots of the slip and slip rate evolution at times 1, 2, 4, 6, 8, and 10 seconds. Since the reflection wave from the boundary of the LVFZ is an inversion of the incident wave for a certain range of incidence angels, 35 under certain circumstances, the reflected wave could unload the fault, generating a slip pulse. The slip pulse is observed in Figure 9C . After the nucleation of the rupture, due to the reflection from the boundary of the LVFZ, the crack-like rupture splits into a pulse-like rupture and a crack-like rupture. Figure 10A shows L 2 norm of the error between the solution from the hybrid method and solution from FEM on the fault plane with mesh refinement. The results suggest the hybrid method converges to the FEM method with mesh refinement. Figure 10B suggests that the absolute error in the slip rate inferred by the two methods at the center of the nucleation zone decreases with mesh refinement. The efficient near-field truncation allows the finite element discretization to be limited within a small strip, leading to potential savings in both computational time and memory cost. For the same mesh size h = 100m, solving the LVFZ problem by using FEM takes 2288 seconds. This value reduces to 104 seconds for the hybrid method, corresponding to a speedup of 22 times. The saving in memory is significant. For mesh size h = 100m, the hybrid method uses approximately 62.7 MB, whereas FEM uses nearly 238 MB. The hybrid method only uses about 26% of the memory that FEM uses. 
FIGURE 5
Problem geometry description for a fault embedded in a heterogeneous medium. The fault is embedded in a layer with stiffer material properties (material 2), and the surrounding bulk material is material 1. The extension of material 2 from the fault surface is R in each half plane. The virtual boundary is located at W H ∕2 from the fault surface on each half plane. The length of the fault is L
DISCUSSION
In the previous section, we validated the hybrid method with a SCEC benchmark problem and further showed its flexibility and performance superiority for problems involving near-field heterogeneities. The method proposed takes its adaptability in handling nonlinearities or heterogeneities from FEM and its computational efficiency from SBI. Furthermore, it owes its excellent performance to the accuracy of the boundary conditions, which eliminate any artificial reflections and make it possible to have the virtual boundaries arbitrarily close to the fault plane as long as the remainder of the domain is linear-elastic and homogeneous. The resulting savings in computational resources may then be redirected to study fault-zone nonlinearities with a higher resolution or large-scale nonlinear problems. We believe this may be the first stepping-stone to realizing long-duration simulations of full earthquake cycles in a bulk that might have material heterogeneity, material nonlinearity, fault geometry complexity, or a combination thereof. A direct advantage of limiting the spatial discretization to a small area near the fault zone is that the computational cost for solving the discretized bulk is significantly reduced, which may allow small-scale heterogeneities, such as fault branches and shear bands, as well as complex physics within the fault zone, including spontaneous strain localization 38 or small-scale branches, to be incorporated directly into the model.
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FIGURE 6
Simulation results for a fault embedded in a heterogeneous medium comparing the hybrid method (in red) and the finite element method (FEM; in black) when using a mesh size of h = 25m: A, Time history of the slip, slip rate, and shear traction at the station in the center of the fault. B, Time history of the slip, slip rate, and shear traction at the station 4.5 km away from the center of the fault. C, Snapshots of the slip and slip rate at t = 1s, t = 2s, t = 4s, t = 6s, and t = 8s. The results from the hybrid method match those from the finite element benchmark solution perfectly in the nucleation, propagation, and reset of the rupture. The color figure is available in the electronic version only [Colour figure can be viewed at wileyonlinelibrary.com]
The spectral boundary integral equation provides an accurate boundary condition irrespective of the wave angle incidence. Therefore, unlike other absorbing boundary conditions, such as infinite elements 21 or even perfectly matching layers, 22 where the boundaries must be taken far away from the fault zone to avoid the interference of wave reflections with the physical solution, no artificial reflections are observed in the results obtained from the hybrid method. This result implies that the method may be used as an exact near-field wave truncation algorithm. The consistent exchange of the displacement and traction boundary conditions in this method exploits the same concept as the Dirichlet-to-Neumann maps, 39 with the difference that the planar virtual boundaries in the hybrid method make it possible to benefit from solving the real space nonlocal boundary condition as a local boundary condition in the Fourier domain, reducing computational costs and enabling efficient parallelization.
Another advantage of this method over previous forms of coupling between bulk and boundary integral methods is that it transforms the nonlocal boundary conditions in space to local ones in the Fourier domain, thereby reducing the cost from N 2 to NlogN 4 . The previous approaches to finite element and boundary integral coupling discretize the spatial convolutions involved in the boundary integral in the real domain, which leads to densely populated stiffness matrices. 40 The savings in computational time and memory shown in the results is significant. If the fault is discretized by N nodes, the number of computational operations will be O(N 2 W F ∕L) when a pure FEM scheme is used. Using the SBI method reduces this number to O (N log(N) ). 4 For the hybrid method, we need N 2 W H ∕L FEM nodes to discretize the strip between the virtual boundaries. Thus, the number of computational operations for the hybrid method is O(N 2 W H ∕L + Nlog(N)). The ratio of computational cost for the hybrid method versus the FEM, therefore, is O(W H ∕W F + Llog(N)∕N∕W F ). For example, for the TPV205-2d SCEC validation problem we have shown, the virtual strip has a width of W H = 1.6km and a length of L = 100 km and at a mesh size h = 100m, the number of discretization points along the fault is N = 1000. Therefore, the aforementioned efficiency ratio W H ∕W F + Llog(N)∕N∕W F is 0.0229. Based on the numerical simulations, we get an efficiency ratio of 0.0383, which is close to the estimated value.
The characteristics of the method discussed above suggest that it may also potentially be used for long-duration earthquake cycle simulations on faults with near-field material heterogeneities, material nonlinearities, or fault surface complexities. Apart from the computational efficiency of the method, the SBI formulation offers an accurate means for truncating the wave field in both dynamic and quasi-dynamic limits, making the hybrid method capable of capturing the effects of both seismic and interseismic phases of the cycle. Moreover, by exploiting the mode truncation and adaptive time-stepping techniques already embedded in the spectral formulation by Lapusta et al, 4 it is possible to resolve the temporal multiscale nature of the rupture in an efficient manner. One can then envision coupling the SBI method with an implicit FEM scheme during the interseismic period to enable this extension.
In Hajarolasvadi and Elbanna, 23 the hybrid method was first introduced for coupling bulk and boundary methods in a 2D antiplane setting. In this study, we have extended the method to 2D in-plane problems. In this case, it is required to couple both the normal and shear components of traction and displacement at the virtual boundaries. Furthermore, because of the existence of fast P-waves and slower S-waves, the time step for integration is limited by the faster P-wave speed. This situation is slightly more complex than coupling in the antiplane shear setting, where only one wave speed and one component of displacement exist. Nonetheless, the results presented in this paper demonstrate the superior performance of the hybrid method in the 2D in-plane setting and the ability to consistently couple multiple traction and displacement components. With the infrastructure for coupling now available for both in-plane and antiplane settings, the extension to 3D is straightforward because the kernels in the boundary integral convolution are readily available. In future work, we will consider different extensions of the algorithm, such as including the effect of free surfaces in the boundary integral formulation by using the method of images, coupling 3D FEM with SBI, and representation of more realistic friction laws, such as rate and state friction 41, 42 and shear transformation zone models. [43] [44] [45] Regarding modeling the lateral boundaries at this point, because the length of the fault under consideration is usually much larger than the lateral dimension in which the nonlinear processes or heterogeneities exist, the waves arriving at the lateral boundaries have almost 90
• incidence angles. Under such circumstances, many of the absorbing boundary conditions, including perfectly matching layers and boundary viscous damping, may be used and will exhibit excellent performance because of the near normal incidence. A possible alternative scenario would be using periodic boundary conditions in the FEM domain that are consistent with the periodic boundary conditions for the boundary integral method. For the problems presented here, the results were found to be insensitive to the choice of lateral boundaries. This is partly due to the existence of unbreakable regions near the fault ends that force the rupture to arrest before reaching the lateral boundaries, or due to the domain length being large enough so that waves did not reach the lateral boundaries. Even though the hybrid method opens the door to exploring a variety of different problems by offering a more flexible and efficient approach, the applicability of this method has limitations. For example, if heterogeneity or inelasticity exists in the far field, the application of the boundary integral equation would no longer be exact. However, in most cases, it is reasonable to assume that such far-field characteristics of the domain do not have a direct impact on the physical solution because the dynamics of rupture are mostly influenced by the local nonlinearities and heterogeneities. The effects of heterogeneities also depend on their distance from the fault zone and the contrast in their properties from that of the bulk. In ground motion applications, the wave amplitude and phase at a location depend on the wave path. Therefore, in this case, it is reasonable for the hybrid method to be used only as a simulator to predict the source characteristics, such as the fault plane slip and slip rate distribution. These data can then be used as inputs to a wave simulation code to track the propagation in globally heterogeneous and inelastic media and to predict ground motion.
Another restriction of the method is that for dynamic heterogeneities, such as off-fault plasticity, we usually do not know the region over which the nonlinearities will act a priori. In the case of off-fault plasticity, we can use previous work in the field, 7,46-48 which implies that inelasticity and damage will be contained in a narrow region near the fault plane. Hajarolasvadi and Elbanna 23 demonstrated the success of the hybrid scheme in modeling antiplane shear cracks with spontaneous off-fault plastic strain generation by preestimating the size of the plastic region and ensuring that the virtual strip completely enclosed the inelasticity. However, in general, an adaptive scheme can also be used. For example, if the inelastic region grows close to the virtual boundaries, we may move the virtual boundaries away from the fault plane and advance the solution on this modified geometry for the next time steps. The solution on the part added to the virtual strip would then need to be accounted for. This can be done directly by using the history of the solution on the previous virtual boundary and applying the representation theorem.
FIGURE 9
Simulation results for a fault embedded in a heterogeneous medium comparing the hybrid method (in red) and the finite element method (FEM; in black) when using a mesh size of h = 25m: A, Time history of the slip, slip rate, and shear traction at the station in the center of the fault. B, Time history of the slip, slip rate, and shear traction at the station 4.5 km away from the center of the fault. C, Snapshots of the slip and slip rate at t = 1s, t = 2s, t = 4s, t = 6s, t = 8s, and t = 10s. The results from the hybrid method match those from the finite element benchmark solution perfectly in the crack to pulse rupture transition [Colour figure can be viewed at wileyonlinelibrary.com]
In this paper, we implicitly assume that the fault is known a priori. A new fault whose geometry is not a priori known is an important topic to study. One advantage of the proposed hybrid approach is that it can easily adopt volume based discretization techniques with embedded discontinuities such as XFEM 49, 50 or explicit discontinuities such as Discontinuous Galerkin. 19 These methods may replace the continuous Galerkin domain-based method used in this current work. We plan to explore these extensions in the future. Fluids play an important role in the deformation of the fault zone and the surrounding bulk. One advantage of the hybrid method is that it may enable exploring mechanics of fluid infiltrated fault zones with high resolution representation of fault architecture and poromechanical properties distribution within the FEM domain 51 since the saving in the discretization cost would allow using smaller mesh size in the fault zone. Moreover, there exist boundary integral representations for problems of poroelasticity in half space 52 and viscoelasticity in half space. 53 These formulations may be adapted in the hybrid formulation to model poroelastic and viscoelastic deformations in the bulk.
CONCLUSION
We developed a hybrid numerical scheme by integrating the FEM and SBI methods. This hybrid method enables the simulation of wave propagation in unbounded domains with near-source heterogeneities, material nonlinearities, or a complex fault geometry. Specifically, the method is perfectly suited to modeling problems in which heterogeneities or nonlinearities extend over spatial scales that are too large to be lumped into an interfacial traction separation (or friction) law, but yet are much smaller than the overall dimensions of the domain of interest that is affected by wave propagation.
FIGURE A1
Illustration of the traction-at-split-node method. The node (i,j) indicates the nodes on the fault. The displacements u 1 , u 2 are the displacements in two directions at the fault nodes, the velocities v 1 , v 2 are the velocities in two directions at the fault nodes, and the stresses T 1 , T 2 are the stresses in two directions at the fault nodes
The formulation above enforces the jump and parallel conditions for the fault. It also governs the fault behavior at all times, such as at nucleation, arrest of rupture, and subsequent reactivation and arrest of rupture.
